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Abstract

This paper investigates the resonant characteristics of three-dimensional bridges when high-speed trains
pass them. Multi-span bridges with high piers and simply supported beams were used in the dynamic finite
element analysis. The dominated train frequencies proposed in this study can be clearly seen from the finite
element result. To avoid resonance, the dominated train frequencies and the bridge natural frequencies
should be as different as possible, especially for the first dominated train frequency and the first bridge
natural frequency in each direction. If the two first frequencies are similar, the bridge resonance can be
serious. This study also indicates that a suitable axial stiffness between two simple beams can reduce
vibrations at a near-resonance condition. The axial stiffness of the continuous railway and the friction of
the bearing plate should be enough to obtain this axial stiffness.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Investigating the dynamic behavior of structures or bridges caused by the passing vehicles or
trains has been an important subject of research since the 19th century. In early studies, moving
vehicles travelling across a bridge were usually modelled as a series of moving loads or rolling
masses. During the past several years, substantial theoretical and experimental research on the
dynamic response of bridges has been carried out. More accurate models that consider the various
dynamic characteristics of vehicles have been implemented in the study of vehicle–bridge
interactions. The moving vehicle can be modelled as a one-foot dynamic system having two
degrees of freedom [1,2]. More reasonable or complex multi-axle vehicles have been employed in
the dynamic analysis of various types of bridges. Li and Su [3] researched the resonant vibration
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for a simply supported girder bridge under high-speed trains. In their study, the vehicle idealized
as a model of a rigid body and four wheel–axle sets, with two degrees of freedom of the vertical
correspond to bounce and pitch motion. Au et al. [4] used a four-axle (10 degrees of freedom)
train model to study the impact effects on a cable-stayed bridge under railway train loading. Xia
et al. [5] adopted a four-axle (27 degrees of freedom) vehicle model in the dynamic analysis of a
long suspension bridge with a 1377m main span. Zhang et al. [6] developed the three-dimensional
model for train carriages and in dynamic analysis of the vehicle–bridge interaction. Recently, the
vehicle–bridge interaction element has been developed for modelling the vehicle–bridge
interaction in dynamic analysis of bridges under high-speed trains or vehicles. Yang et al. [7]
applied the dynamic condensation method to analyze the impact effects of simply supported
beams and three-span continuous beams subjected to a moving five-axle truck. Yang and Wu [8]
presented a suitable numerical model for handling both the vehicle and bridge response that are of
particular interest in high-speed railway. Ju [9] used the three-dimensional FEM to simulate the
soil vibrations due to the moving high-speed train across bridges. He first analyzed the bridge
system passed by a train. Then, the calculated pier forces and moments were applied to a pile cap
in order to simulate the wave propagation in soil.
Since bridges often contain piers to support the loading from bridge girders, to study the bridge

resonance, the pier effect cannot be ignored. However, few researches performed the bridge
resonance analysis including bridge piers. This paper studies the resonant vibration characteristics
of the three-dimensional vehicle–bridge system when high-speed trains pass bridges. Multi-span
bridges with high piers and simply supported beams were used in the dynamic finite element
analysis. The resonance characteristics of the simply supported bridge including high piers under
high-speed trainloads were investigated.

2. Dominated frequency of moving trains

When a series of train sections passes bridges, train wheel loads will act on the bridge
periodically. The period means the time during which the forward part of the train enters a bridge
until the next forward part of the train does so. Thus, for the investigation of the resonant
vibration of high-speed trains passing bridges, the dominated frequencies of moving trains should
be known first. To evaluate the dominated frequencies of the train loads, the wheel loading of the
moving train passing a point is assumed to be a periodic function pðtÞ as follows:

PðtÞ ¼ Pwheel½dðt � t1Þ þ dðt � t2Þ þ dðt � t3Þ þ dðt � t4Þ�; ð1Þ

where we assume that each train compartment has four pairs of wheels, Pwheel is the load of a pair
of wheels, (dðt � tiÞ; i ¼ 124) is the unit impulse function at ti and ti ¼ si=V ; where V is the train
velocity and si is the distance between the ith wheel and the beginning of the compartment. This
PðtÞ has a frequency of V=L (or period of L=V ) where L is the distance between two compartment
centers. The Fourier exponential series is applied to Eq. (1) to obtain

FðtÞ ¼
XN

n¼�N

Cne
inot; ð2Þ
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Cn ¼
1

T

Z T

0

F ðtÞe�inot dt ¼
1

T
ðe�inot1 þ e�inot2 þ e�inot3 þ e�inot4Þ: ð3Þ

Thus, the dominated frequencies fn of these wheel loads and their influence factors R are

fn ¼ nV=L; ð4Þ

R ¼ Cnj j; ð5Þ

where n (=1, 2, 3,y) is a positive integer. Eq. (4) indicates that fn is dependent on the train
velocity and the compartment length but independent of the wheel arrangement. The wheel
arrangement will affect the magnitude of R: To consider the characteristics of the structural
dynamics, the low frequencies, especially for the first frequency (f1 ¼ V=L), are often dominated.
To avoid the resonance of bridges and trains, the first frequency (V=L) of the wheel loading and
the first bridge natural frequencies should be as different as possible.
For the high-speed train of Japan SKS-700 with a vehicle length of 25m (Fig. 1), when the

speed of the train is fixed at V ¼ 300 km/h=83.33m/s, the first frequency is f1 ¼ ð83:33 m=sÞ/
(25m)=3.33Hz. Similarly, the second and the third frequencies are f2 ¼ 6:66Hz and f3 ¼ 10Hz.

3. Finite element model of vehicles

The high-speed train was simulated as several moving wheel elements containing a mass Mv;
damping cv and stiffness kv as shown in Fig. 2. The element includes a wheel node and several
target nodes. When the present wheel position is known, the two target nodes in which the wheel
is located between them can be found. If the two target nodes and the wheel node are set to be
nodes 1, 3 and 2, respectively, the mass, damping, and stiffness of the three-node element can be
calculated as below using a similar procedure as in Ref. [10]:

½S� ¼

0 sn

1 0

0 sm

2
64

3
75 S1 S2

S2 S3

" #
0 1 0

sn 0 sm

" #

¼

s2nS3 snS2 snsmS3

snS2 S1 smS2

snsmS3 smS2 s2mS3

2
64

3
75; ð6Þ

where sn ¼ L2�3=L1�3; L2�3 is the length between nodes 2 and 3, L1�3 is the length between nodes
1 and 3, sm ¼ 1� sn and S1; S2 and S3 are the components of the mass, damping or stiffness
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Fig. 1. Mass and dimensions of the modified SKS-700 high-speed train.
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matrix of the vehicle wheel. For the mass, S1 ¼ Mv; S2 ¼ 0 and S3 ¼ Mw (Mw is small and can be
set to zero), for the damping S1 ¼ S3 ¼ cv and S2 ¼ �cv and for the stiffness S1 ¼ S3 ¼ kv and
S2 ¼ �kv; in which Mv; Mw; cv and kv are the train mass, wheel mass, damping and stiffness
shown in Fig. 2. The direction of the three-node matrix can be one of the three global translations
or the three global rotations. Since the wheel load F shown in Fig. 2 is equilibrium on the system,
this load F on node 2 should be transformed into nodes 1 and 3 to obtain the force vector {f } as
follows:

ff g ¼

F1

0

F2

8><
>:

9>=
>; ¼

snF

0

smF

8><
>:

9>=
>;: ð7Þ

The rail irregularity in the vertical and transverse directions can be modelled as

DZðX Þ ¼
aZ

2
sinð2pX=LZÞ; ð8Þ

DY ðX Þ ¼
aY

2
sinð2pX=LY Þ; ð9Þ

where aZ is the amplitude of the rail irregularity in the vertical direction, aY is that in the
transverse direction, LZ is the wavelength of the rail irregularity in the vertical direction and LY is
that in the transverse direction. From measurements, the irregular amplitude is often between 0.5
and 2.5mm, and the irregular wavelength is often between 100 and 600mm. This irregular shape
produces unbalanced forces at node 2 as shown in Eq. (10). These forces should be added to the
internal forces of node 2 to ensure the balance of the internal, inertia, damping and external forces
at this node:

fZ

fY

( )
¼

�kvDZ � cv
’DZ

�kvDY � cv
’DY

( )
: ð10Þ

To verify the moving wheel element, a rigid surface passed by a wheel was analyzed. The rigid
surface has an irregular shape according to Eqs. (8) and (9) with aZ ¼ 0:01m, aY ¼ 0 and
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LZ ¼ 10m. The moving wheel has the following parameters: kv ¼ 2E6N=m; Mv ¼ 6000 kg;
Mw ¼ 0; v ¼ 50 m=s; cv ¼ 1E4N-s=m and g ¼ 2352 kg/m, where g is the mass per unit length of
the beam. The theoretical solution of this problem is

Mv
.Z þ cv

’Z þ kvZ ¼ cv
’DZ þ kvDZ: ð11Þ

The finite element model only contains three nodes, one wheel node and two target nodes. The
comparison between finite element and theoretical results are shown in Fig. 3, which indicates an
identical result.
To model the high-speed train, first define the target nodes passed by the train, and then model

each train wheel as a moving wheel element with appropriate velocity, initial position, load, mass,
damping and stiffness in global X ; Y and Z directions. Thus, a direct integration method can be
used to perform the finite element analysis. The advantage of this moving wheel element is that the
formulation and use of the elements are simple. The disadvantage is that the mass, damping and
stiffness matrices vary with wheel position, which produces a non-linear finite element analysis.
This condition is not serious, since for a problem with large degrees of freedom, the efficient
conjugate gradient method is often used to solve the matrix equation. At this time, the Newton–
Raphson method that forms a new tangent stiffness at each iteration has been suggested as the
best scheme.

4. Three-dimensional finite element analyses of bridges

In Fig. 4, a seven-bay bridge system modelled by three-dimensional beam elements is adopted in
this study, where the X -axis is the railway direction, the Y -axis is perpendicular to the
railway, and the negative Z-axis is the soil depth direction. The foundations including soils, piles
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and the pile cap were modelled using input stiffness, damping and mass matrices, which are
calculated using the least-squares method from Ref. [9]. The three matrices at the loading
frequency of 30 rad/s are shown in Eqs. (12)–(14), which are used in the following finite element
analyses.
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Foundation mass matrix:

M½ � ¼

1:497Eþ 3 0 0 0 �1:140Eþ 2 0

0 1:497Eþ 3 0 1:140Eþ 2 0 0

0 0 9:000Eþ 2 0 0 0

0 1:140Eþ 2 0 6:467Eþ 3 0 0

�1:140Eþ 2 0 0 0 6:467Eþ 3 0

0 0 0 0 0 3:255Eþ 4

2
6666666664

3
7777777775
: ð12Þ

Note: Units for translational and rotational mass values are ton and ton-m2:
Foundation damping matrix:

C½ � ¼

1:230Eþ 5 0 0 0 �1:285Eþ 5 0

0 1:230Eþ 5 0 1:285Eþ 5 0 0

0 0 1:353Eþ 5 0 0 0

0 1:285Eþ 5 0 3:842Eþ 5 0 0

�1:285Eþ 5 0 0 0 3:842Eþ 5 0

0 0 0 0 0 1:141Eþ 6

2
6666666664

3
7777777775
: ð13Þ

Note: Units for translational and rotational damping values are kN-s/m and kN-s-m.
Foundation stiffness matrix:

K½ � ¼

4:129Eþ 6 0 0 0 �4:680Eþ 6 0

0 4:129Eþ 6 0 4:680Eþ 6 0 0

0 0 9:293Eþ 6 0 0 0

0 4:680Eþ 6 0 1:436Eþ 8 0 0

�4:680Eþ 6 0 0 0 6:467Eþ 3 0

0 0 0 0 0 1:825Eþ 8

2
6666666664

3
7777777775
: ð14Þ

Note: Units for translational and rotational stiffness values are kN/m and kN-m.
The simple bridge beam supported on the bearing plates is not on the pier center, so a rigid

beam system shown in Fig. 4 was used to model this eccentricity. Moreover, because the distance
between the railroad center and the pier center is 2.25m, very rigid beam elements whose Young’s
modulus is 100 times as large as that of the concrete were arranged in the X direction shown in
Fig. 4 to model this condition. The simply supported railroad bridges along the X -axis have a pier
spacing of 30m and pier height of 8.5m. The Y -axis is perpendicular to the railroad bridge, and
the Z-axis is the soil depth direction. The SKS-700 high-speed train passing the bridges was
simulated using the non-linear Newmark direct integration method with the consistent mass
scheme. The time step length was set to 0.0022 s, and totally 4000 time steps were used. The
solution of each time step was converged within two Newton–Raphson iterations averagely. The
two factors of Rayleigh damping ([Damping]=a[Mass]+b[Stiffness]) a and b equal 0.458/s and
6.35E�4 s/m, respectively, which is approximate to the damping ratio of 3%. The train velocity
was set from 50 to 600 km/h with an increment of 10 km/h, so there were 56 finite element analyses
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for a certain bridge structure. The spring stiffness and the damping of the SKS-700 two-wheel set
are kX ¼ kY ¼ kZ ¼ 1800 kN=m; cY ¼ 0 and cX ¼ cZ ¼ 25 kN s=m; in which the subscripts X ; Y
and Z means the global directions shown in Fig. 4. The parameters of the rail irregularity were
given as aZ ¼ aY ¼ 1:0mm and LZ ¼ LY ¼ 250mm. The finite element result from this rail
irregularity is about 2% different from those without the rail irregularity, which shows that the
rail irregularity effect of the bridge used in this study is minor. Since this paper investigates the
resonance effect, the model analysis was also performed to find the bridge natural frequencies.
Table 1 shows the first-mode natural frequencies in the three global directions.

5. Finite element results and resonant characteristics

After 56 finite element analyses for a certain bridge structure were performed, the three element
forces, X -shear, Y -shear and Z-axial forces, at the third pier bottom were transformed to the
frequency domain using the fast Fourier transform (FFT) for each finite element analysis. Then,
using the velocities and frequencies for the two horizontal axes and the force magnitudes for the
vertical axis, one obtains a wire-frame figure. For example, Fig. 5a shows the time–history Z-axial
forces at the pier bottom hanging with time from the finite element result. The averaged dead
weight of 583 kN (=49.6 t� 9.8m/s2� 30m/25m, where 49.6 t is the mass of a train compartment
shown in Fig. 1, 30m is the bridge length per simple beam span and 25m is the compartment
length) similar to the averaged Z-axial force in Fig. 5a indicates that the finite element result was
reasonable. Then, we put the data of Fig. 5a into the FFT to find the Z-axial forces changing with
frequencies, which are shown in Fig. 5b. Finally, assembling all this frequency-domain figures
changing with train velocities, one obtained a wire-frame figure.
Fig. 5a shows that the train speed of 300 km/h will only generate a 0.25-Hz (period=4 s

measured from Fig. 5a) load from the dead weight. Since the first natural frequencies of the bridge
in three global directions are much higher than this dead weight frequency in this study, resonance
will not occur near the dead weight frequency. Moreover, the train dead weight produces a large
coefficient of FFT at the zero frequency, which also causes various errors of the frequencies near
zero. Thus, we did not show this low frequency in wire-frame figures, but showed the responses
whose frequencies are higher than 2Hz.

5.1. Vibration reduction by the railway longitudinal stiffness between simple beams

For simple beam bridges at piers, the beams in the axial direction are not continuous, but the
rails across two simple beams are continuous; moreover, the roller bearing plates at the pier
support have a frictional coefficient from 0.05 to 0.2, which can sustain the axial frictional force
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First-mode bridge natural frequencies in the three global directions

X direction (railway direction) Y direction Z direction (vertical direction)

Natural frequency (Hz) 2.85 2.39 4.82
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from 300 to 1200 kN of the simple beam shown in Fig. 4. For strong earthquakes, this axial
railway stiffness and the frictional force cannot produce a continuous effect, but under the moving
train loading, they are definitely helpful to the longitudinal continuity of the simple beams. For
example, without considering the axial stiffness of simple beams, the axial force transferred from
the simple beam to the pier of the bridge system in Fig. 4 is from 50 to 400 kN, which is even
smaller than the range of the frictional force. Thus, an axial stiffness of 1.23E6 kN/m was used to
model the axial railway stiffness and the bearing friction in the finite element model. This stiffness
is equivalent to a steel bar of 3.2-cm diameter connecting two simple beams. Fig. 6 shows the
time–history X -shear forces at the third pier bottom changing with time from five finite element
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analyses with different axial stiffness (k) between simple beams, where the k of case 1 equals
k0 ¼ 1:23E6kN/m, the k of case 2 equals k0=4; the k of case 3 equals k0� 4; the k of case 4 equals
zero and case 5 replaces simple beam rollers by hinges. The train velocity was set to 260 km/h
which produces a near-resonance condition of the bridge and moving train in the X direction. This
figure indicates that the X-shear forces of k0; k0=4; k0� 4 and hinge cases are similar, but they are
much smaller than the X-shear forces of case 4 which do not have the axial stiffness between
simple beams. This means that (1) a very small axial stiffness between simple beams can avoid
resonance in the X direction and (2) the resonance reduction is not sensitive to the value of the
axial stiffness. The bearing plate friction and the continuous rail can give equivalent axial stiffness
that is enough to decrease bridge vibrations from moving vehicles.
Figs. 7 and 8 show the X-shear forces at the third pier bottom with and without the axial

stiffness between two simple beams. Without the axial stiffness between simple beams, the X-
vibration increases considerably near the frequency of 2.9Hz at the train speed of 260 km/h (point
A in Fig. 7). The reason is when the train runs with the speed of 260 km/h, the dominated
frequency of the train loading is V=L ¼ 2:9Hz, which is very close to the bridge X direction
natural frequency of 2.85Hz shown in Table 1. At this time, the X direction resonance causes
large horizontal vibrations. When the axial stiffness is arranged between simple beams, this
restraint causes the X-vibrations of bridge piers moving together in a direction, and the separate
vibrations of the pier are much smaller than those without the axial stiffness. Thus, the X-
resonance effect will decrease significantly due to the equivalent axial stiffness for simple beams.
The vibration patterns of the other two directions (Y and Z directions) change little for the cases
with and without the axial stiffness. The wire-frame figures of Y and Z directions are shown in
Figs. 9 and 10, respectively.
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5.2. Three-direction resonant characteristics of simply supported bridges

The high-speed train passing simply supported bridges causes vibrations vertically. When the
train-dominated frequencies approach the vertical natural frequencies, the resonance in the
vertical direction occurs, which can be clearly seen at point C of Fig. 10, where the Z-force peak is
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located at the first train-dominated frequency (V ¼ 450 km/h) and the first vertical natural
frequency (4.8Hz). The X-vibrations (in the railway direction) are caused from the eccentricity of
simply supported beams on piers, and the vibration amplitude is proportional to the eccentricity.
Thus, the resonance in the vertical direction also triggers large vibrations in the X direction, which
can be found at point B of Fig. 8. According to the discussion of the previous section, the
resonance is not obvious when the axial stiffness is modelled between simple beams. Therefore,
the highest peak of the X-vibration pattern in Fig. 8 is produced from the vertical resonance. The
Y-vibrations are produced from the eccentricity of the railway. The vibration pattern of Y

direction is much smaller than those of X and Z directions. The reason is because the bridge mass
is not eccentric, and the eccentric train mass is only one-tenth of the bridge beam mass. Moreover,
the axial rotation of the simple beams on piers is continuous, which will reduce the resonance
effect.

5.3. Characteristics of the high-speed train-dominated frequencies

The dominated frequencies of trains are nV=L discussed in Section 2. Since the compartment
interval L is constant, the dominated frequency for a certain n is linearly proportional to the train
velocity V : This condition can be validated using the finite element results shown in Fig. 8, in
which the first dominated frequency (n ¼ 1) is linearly proportional to the train velocity very
obviously. The second and third dominated frequencies still have this linear relationship with
train velocities even though the force magnitudes of the two dominated frequencies are much
smaller than that of the first dominated frequency. The large vibration effect of the first
dominated frequency is because the arrangement of the train wheels produces an obvious R in
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Eq. (5); moreover, the lower frequency often causes larger structural vibrations. When the train
wheels are re-arranged to equal space as shown in Fig. 11, the influence factors R for n ¼ 1 and 3
are near zero. The finite element analyses of this wheel arrangement were performed. The results
of X-vibrations are shown in Fig. 12, which indicates that the force magnitudes of the first
dominated frequency are much smaller than those of the second dominated frequency. The force
magnitudes of the third dominated frequency even approach zero. This finite element result
exactly confirms the consequence of Eqs. (4) and (5). For complex three-dimensional bridges, to
find a theoretical dynamic solution due to the high-speed train loading is considerably difficult.
This study proposes the following easy method to check the resonance condition of bridges:

(1) First, the modal analysis of the bridge is performed to obtain the natural frequencies of the
bridge. The finite element mesh should include the bridge superstructures, bridge piers and
foundations. The modelling of the bridge foundations is usually difficult, so the equivalent
mass, damping and stiffness matrices can be used to simulate bridge foundations.

(2) Structural natural frequencies, especially for the first natural frequency in each direction,
should be as different as possible from the dominated frequencies of the train fn ¼ nV=L:
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Fig. 11. Mass and dimensions of the equal-space-wheel high-speed train.
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(3) If the influence factor R of the first dominated frequency does not approach zero, the
frequency f1 ¼ V=L should be the most important one to produce bridge resonance. Only the
uniform arrangement of more than three wheels along train compartments will generate near
zero influence factor R of the first dominated frequency, or this factor of the first dominated
frequency is not small.

6. Summary

The moving high-speed train often produces significant ground vibrations, especially at the
resonance condition, so how to avoid resonance and reduce the vibrations induced by high-speed
trains has become an important issue. This paper investigates the resonant vibration
characteristics of the three-dimensional vehicle–bridge system when high-speed trains pass
bridges. The dominated train frequencies of nV=L can be clearly seen from the finite element
analyses of the multi-span bridges with high piers and simply supported beams. To avoid
resonance, the dominated train frequencies and the bridge natural frequencies should be as
different as possible, especially for the first dominated train frequency and the first bridge natural
frequency in each direction. If the two first frequencies are similar, the resonance can be serious.
A suitable axial stiffness between two simple beams can reduce vibrations at a near-resonance

condition. The axial stiffness of the continuous railway and the friction of the bearing plate should
be enough to obtain this axial stiffness. However, extra-axial links or dampers can be installed to
reduce vibrations if the stiffness from the above items is not enough. This small modification of
the bridge is probably the cheapest way to reduce vibrations for simple beam bridges.
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